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Background	  for	  this	  talk	  
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Originally	  ….	  

…	  I	  wanted	  to	  write	  an	  elementary	  introducOon	  to	  max-‐plus	  network	  
calculus	  for	  a	  course,	  	  	  

–  relate	  it	  to	  the	  min-‐plus	  version,	  and	  	  
–  discuss	  applicaOons	  to	  scheduling	  with	  rate	  guarantees	  

•  This	  was	  supposed	  to	  be	  easy	  since:	  	  
–  The	  (min,	  +)-‐	  and	  (max,	  +)-‐dioids	  are	  isomorphic	  	  
–  OperaOons	  of	  the	  min-‐plus	  and	  max-‐plus	  network	  calculus	  	  are	  
well-‐understood	  

–  Many	  have	  worked	  with	  concepts	  in	  both	  algebras	  
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But	  then	  …	  
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•  Work-‐conserving	  link	  with	  fixed	  rate	  C	  

•  Offers	  an	  exact	  (min-‐plus)	  service	  curve:	  
	  	  	  	  	  such	  that	  	  

•  The	  corresponding	  max-‐plus	  service	  curve	  should	  be:	  
with	  	  

S(t) = Ct

�S(⌫) =
⌫
C

D(t) = A⌦ S(t)

TD(⌫) = TA⌦�S(⌫)
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Buffered	  Link	  
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… 
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Everything	  maps	  nicely,	  right?	  	  
Not	  quite!	  

 
 



Backlog	  and	  Delay	  
•  Backlog	  and	  delay	  cannot	  be	  mapped	  exactly	  with	  pseudo-‐inverses	  
•  We	  can	  only	  provide	  bounds,	  e.g.,	  	  

	  
	  
which	  can	  be	  quite	  loose:	  

•  Good	  news:	  If	  	  	  	  	  	  and	  	  	  	  	  are	  conOnuous	  at	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  then	  	  	  

Ba(A(t))  B(t)  Bd(D(t))

B(t) ⌧ Bd(D(t))B(t) � Ba(A(t))

A

B(TA(⌫)) = Ba(⌫)

TA(⌫)D



Busy	  periods	  and	  busy	  sequences	  

•  In	  general,	  busy	  periods	  cannot	  be	  described	  using	  expressions	  of	  
the	  max-‐plus	  network	  calculus	  

	  
•  We	  define	  the	  concept	  of	  busy	  sequence	  as	  a	  maximal	  sequence	  of	  

bits	  with	  non-‐zero	  delays	  

•  Busy	  sequence	  also	  helps	  with	  defining	  a	  strict	  max-‐plus	  service	  
curve	  

	  



Problems	  with	  busy	  periods	  and	  sequences	  

•  A	  single	  busy	  periods	  may	  
cover	  mulOple	  busy	  
sequences	  

•  A	  single	  busy	  sequence	  
may	  cover	  mulOple	  busy	  
periods	  



Summary	  

•  ClarificaOon	  of	  the	  relaOonship	  between	  min-‐plus	  and	  max-‐plus	  
network	  calculus	  
–  Dispenses	  with	  the	  frequently	  made	  assumpOon	  of	  constant	  
packet	  sizes	  for	  a	  max-‐plus	  analysis	  

•  Now:	  Can	  switch	  between	  a	  min-‐plus	  or	  max-‐plus	  viewpoint	  in	  the	  
same	  analysis	  

•  Filled	  a	  few	  holes	  in	  the	  max-‐plus	  literature,	  e.g.,	  	  
–  busy	  sequence	  
–  strict	  max-‐plus	  service	  curve	  	  
–  adapOve	  max-‐plus	  service	  curve	  
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Strict	  max-‐plus	  service	  curve	  

	  
•  Cannot	  define	  (general)	  strict	  max-‐plus	  service	  curve	  with	  busy	  

period	  !	  
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start	  of	  bsy	  sequence	  
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