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n A,0'>45$&."9
¨ Tail bounds / envelope functions
¨ Moment generating functions (MGF)

!"#$%&'()*+,-."//)*0"','* 1 23&%"45*6"/-*23734834,3*"4*+!0 :

Approach with MGFs lead to tighter delay bounds 
under independence [Rizk and Fidler, 2011]
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n :9981"'#4(04(-@'9&."%8?($6'5-'
9"4;"4' 𝑆!

n !"#54-84"'#40&"99"9'0B'B?0,9'
𝑓" 5$%'𝑓# 54"'%"#"$%"$-'";"$'
(B'-."(4'544(;5?',"4"'59981"%'-0'
C"'($%"#"$%"$-

!"#$%&'()*+,-."//)*0"','* 1 23&%"45*6"/-*23734834,3*"4*+!0 ;
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n =B'#40&"99"9'54"'%"#"$%"$-D
Standard approach: Use !"#$%&'( )*%+,-#)./ :

for !
"

!
!

#
" # 5$%'𝑝, 𝑞 ∈ [1,∞]

n E40C?"19D
¨Possible significant loss of accuracy
¨Additional parameter to optimize
¨ !"#$%&'()*&(+#$,-&."&(/0$1)('2*&.1-3#"(/#.(.&4&#.&#2&(')%12)1%&

!"#$%&'()*+,-."//)*0"','* 1 23&%"45*6"/-*23734834,3*"4*+!0 <

E
!
e! (A 1 (s,t )+ A 2 (s,t ))

"
! E

!
ep! A 1 (s,t )

" 1/p
áE

!
eq! A 2 (s,t )

" 1/q

<latexit sha1_base64="xmnBcm0K9JlSZ8jUt+xd/mnyv7g="></latexit>
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n F"-'𝐴 C"'5$' *)06.&3&544(;5?'#40&"99G'(H"HG'𝐴 𝑠, 𝑡 (9'5'
9-0&.59-(&'#40&"99'($&4"59($6'($'𝑡 98&.'-.5-'

𝑎$ ≥ 0 5$%',(-.'"I(9-($6'101"$-'6"$"45-($6'B8$&-(0$'J/37K
n :9981"'5'%@$51(&' 𝑆29"4;"4G'(H"HG'𝑆(𝑠, 𝑡) (9'5'9-0&.59-(&'

#40&"99'($&4"59($6'($'𝑡 98&.'-.5-'-."'%"#54-84"'#40&"99'
𝐷(0, 𝑡) (9'?0,"4'C08$%"%D

=88%>3$+:85?'11+3&4+@A&3<%?+𝑆B('8>'8

!"#$%&'()*+,-."//)*0"','* 1 23&%"45*6"/-*23734834,3*"4*+!0 =

A(s, t) =
tX

i=s+1

ai

D(0, t) � inf
0st

{A(0, s) + S(s, t)}
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n >08$%'0$'-."'#40C5C(?(-@G'-.5-'-."'%"?5@'5-'-(1"'𝑡 "I&""%9' T
L+.5$6G'MNNNOD

!"#$%&'()*+,-."//)*0"','* 1 23&%"45*6"/-*23734834,3*"4*+!0 >

P(d(t) > T ) ! E
!
e! sup0! ! ! t { A (",t ) ! S(",t + T )}

"
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n F"-'-,0'544(;5?9G'𝐴% 5$%'𝐴"G'C"'18?-(#?"I"%'5-'0$"'9"4;"4
n P5&.'9"$%9'5'#5&Q"-',(-.'5'#40C5C(?(-@'𝑝 ∈ 0,1
n )"4;"4'&5$'9"4;"'"I5&-?@'0$"'#5&Q"-G'C8-'𝐴" (9'9-4(&-?@'

#4(04(-(R"%

!"#$%&'()*+,-."//)*0"','* 1 23&%"45*6"/-*23734834,3*"4*+!0 ?

'()*()

𝐴%

𝐴"



P(D1 = 1) · P(D2 = 1)

. . . (Conditioning)

= (P(D1 = 1 | D2 = 0) · P(D2 = 0)) · P(D2 = 1)

= p · (1� p) · p
> 0

D4'3+5E+#-'+:3F'8+G%&+3+)"#1-'$$H

n 704'-."'08-#8-G',"'0C9"4;"

S'C8-

5$%'-.89

!"#$%&'()*+,-."//)*0"','* 1 23&%"45*6"/-*23734834,3*"4*+!0 @

P(D1 = 1 , D2 = 1) = 0

P(D1 = 1 , D2 = 1) < P(D1 = 1) áP(D2 = 1)

A.(9'%"#"$%"$&"'&589"%'
C@'9&."%8?($6'J9-4(&-'

#4(04(-@K'(9'600%D

!"#$%$"#$"&'
()$"*+,-',('*"'
.%%$+'/-."#0
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!"#$%&'()*+,-."//)*0"','* 1 23&%"45*6"/-*23734834,3*"4*+!0 AB

+,-./.0(,-12.34,5-,)1/652,*1).173(8, 𝑋!, … , 𝑋" .8,81.6,05,7(,negatively 
(orthant) dependent (ND) .-,09(,0:5,-5335:./;,./(<=13.0.(8,9536>

?(-./.0.5/,@A(;10.*(,?(B(/6(/C(,DE(921//F,!GHHIJ

P (X1 ! x1, . . . , Xn ! xn ) !
nY

i=1

P (Xi ! xi ) ,

P (X1 > x1, . . . , Xn > xn ) !
nY

i=1

P (Xi > xi )
<latexit sha1_base64="Cn5wJ181sHHOplg6/Ns3ceRZ6L0="></latexit>
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!"#$%&'()*+,-."//)*0"','* 1 23&%"45*6"/-*23734834,3*"4*+!0 AA

K-,𝑋!, … , 𝑋" .8,1,8(0,5-,A?,)1/652,*1).173(8F,09(/,-5),1/4, 𝜃 > 0,

E(221,@DL51; M?(*,1/6, N)58C91/F,!GO$IJ

E
h
e✓

Pn
i=1 Xi

i
!

nY

i=1

E
⇥
e✓Xi

⇤

<latexit sha1_base64="FAKHT6LuETYvbQ1kBYhuJw1D7ss="></latexit>
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n E40C?"1D'E40;($6'-.5-'45$%01';54(5C?"9'54"'$"65-(;"?@'
%"#"$%"$-'(9'5'&.5??"$6($6'-59QT

n )01"'4"98?-9'"I(9-D
¨ “Zero-One Lemma” [Dubhashi and Ranjan, 1998]: If $! %& %$$ ' ( %#

such that ) %$%" #, then they are ND (proves that output process in 
previous example are ND)

¨Permutation distribution, therefore random sampling without 
replacement, is ND [Joag-Dev and Proschan, 1983]

n A."'?5--"4'4"98?-'(9'89"%'-0'#40;"'$"542#"4B"&-'?05%'C5?5$&($6'
B04'9,(-&."9'&5??"%'U)#4($Q?"49V'L!($6'"-'5?HG'MNWXO

!"#$%&'()*+,-."//)*0"','* 1 23&%"45*6"/-*23734834,3*"4*+!0 A9



*5&J'?#"8'+#-'+!"#F"#+#5+;'+)@

!"#$%&'()*+,-."//)*0"','* 1 23&%"45*6"/-*23734834,3*"4*+!0 A:

E(0,0:5,./6(B(/6(/0,-35:8,:.09,1CC5)6./;,1)).*13,B)5C(88(8, 𝐴! 1/6,
𝐴# 0)1*()8(,1,:5)P MC5/8()*./;,8()*(),:.09,-./.0(,C1B1C.04",+88=2(,
7509,1)).*138,05,91*(,..6 ./C)(2(/08"
Q9(/F,:(,188=2(,09(.),)(8B(C0.*(,5=0B=0,B)5C(88(8,𝐷! 𝑠, 𝑡 1/6,
𝐷#(𝑠, 𝑡) 05,7(,A?,-5),133,0 ≤ 𝑠 ≤ 𝑡"

R5/S(C0=)(

n Y"'%0'$0-'.5;"'5'#400BS
! !!!"#$%"$&'("!" ! &)*+,'&"%-"'&%.*)%'"%/'"0-.1%")1("+2-($3%"

456578"-9"%/'"-$%+$%"+2-3'&&'&"

! -:'2";;<<"(.99'2'1%"3-*#.1)%.-1&"-9".1%'2:),&="#" $##$4)&".1"%/'"
5786="$%.,.>)%.-1&"4#'%?''1"<!@")1("<!A6")1(

! 2)1(-*"+)3B'%"&.>'&"%/)%"?'2'"(2)?1"92-*"'.%/'2"'C+-1'1%.),="
D'.#$,,="E$*+',="-2",-F G1-2*),"(.&%2.#$%.-1

78&$6(#9&632.&$8&-*$)#$"--$
&:;&.)<&#30



n Y"'0C-5($'B04'-."'9-5$%54%'C08$%

?/'2'" %$
%&' .&"%/'"-$%+$%"-9"9,-?"&)%"&'2:'2"'

! 8-2"%/'")++2-)3/"$&.1F"1'F)%.:'"('+'1('13'="?'"$&'

@%3<5&4+)'#,58K

!"#$%&'()*+,-."//)*0"','* 1 23&%"45*6"/-*23734834,3*"4*+!0 A;

Se2e =
!
S1 !

"""
A2 " [S4 ! A3]+

#
" S2

#
+ (( A3 " S4) " S3)

#$+

Se2e =
!
S1 !

"
D (2)

2 + D (3)
3

#$+

Priorities: *+, - . & - . '

• Assume work-conserving 
constant-rate servers

• / & and / ' with equal rate
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!"#$%&'()*+,-."//)*0"','* 1 23&%"45*6"/-*23734834,3*"4*+!0 A<

P(d(t) > T )
(Cherno↵)

 E
h
e✓A1↵Se2e (t+T,t)

i

(Boole)


tX

⌧1=0

E
h
e✓(A1(⌧1,t)�Se2e(⌧1,t+T ))

i

(Indep)
=

tX

⌧1=0

E
h
e✓A1(⌧1,t)

i
E


e
�✓

h
S1�

⇣
D(2)

2 +D(3)
3

⌘i+
(⌧1,t+T )

�


tX

⌧1=0

E
h
e✓A1(⌧1,t)

i
e�✓c1(t+T�⌧1) E


e
✓
⇣
D(2)

2 +D(3)
3

⌘
(⌧1,t+T )

�
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!"#$%&'()*+,-."//)*0"','* 1 23&%"45*6"/-*23734834,3*"4*+!0 A=

n *0,G',"'&5$'89"'-."'&0$Z"&-84"D

E


e
✓
⇣
D(2)

2 + D(3)
3

⌘
(⌧1,t+ T )

�

(ND)
 E

h
e✓D

(2)
2 (⌧1,t+ T )

i
E
h
e✓D

(3)
3 (⌧1,t+ T )

i

(Output Bound)
 E

h
e✓((A2↵[S4�A3]+)↵S2)(⌧1,t+ T )

i
E
h
e✓(( A3↵S4)↵S3)( ⌧1,t+ T )

i
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n :9981($6'-."'544(;5?9'-0'C"' 𝜎& , 𝜌& 2C08$%"%G',"'0C-5($'-."'
-(1" 2($%"#"$%"$-'C08$%

n *0'5%%(-(0$5?'[\?%"4'#5451"-"4'-0'C"'0#-(1(R"%

!"#$%&'()*+,-."//)*0"','* 1 23&%"45*6"/-*23734834,3*"4*+!0 A>

P(d(t) > T ) !
e! (( " A 2 ( ! )+ " A 3 ( ! ) ! c1 )T + #1 ( ! )+ #A 2 ( ! )+2 #A 3 ( ! ))

1 " e! (" A 1 ( ! )+ " A 2 ( ! )+ " A 3 ( ! ) ! c1 )

á
1

1 " e! (" A 2 ( ! ) ! c2 )
á

1

1 " e! (" A 3 ( ! ) ! c3 )

á
1

1 " e! (" A 2 ( ! )+ " A 3 ( ! ) ! c4 )
á

1

1 " e! (" A 3 ( ! ) ! c4 )



)"<'8%?3$+N>3$"3#%5&

n 10! /0$-" 2+54?0'9(18?5-(0$9'-0'951#?"'#5451"-"4'9#5&"'B04
¨Server rates
¨Exponentially distributed packet sizes

n 7(?-"4($6'98&.'-.5-'8-(?(R5-(0$'5-'9"4;"4'𝑆% ∈ [0.5,1)

n +0$%8&-"%'#5451"-"4'0#-(1(R5-(0$'0B'𝜃 5$%'[\?%"4'
#5451"-"4'89($6'5'64(%'9"54&.'B0??0,"%'C@'5'%0,$.(??'
9(1#?"I'5?604(-.1'J)&(E@K

n +01#8-"'-."'(1#40;"1"$-'B5&-04'
'()*+),+ -./*+

0*+121*+1*31 -./*+

!"#$%&'()*+,-."//)*0"','* 1 23&%"45*6"/-*23734834,3*"4*+!0 A?
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!"#$%&'()*+,-."//)*0"','* 1 23&%"45*6"/-*23734834,3*"4*+!0 A@

!"#$%& '()*"

A=27(),5-,1/134T(6,8C(/1).58 &UV

A=27(),5-,.2B)5*(6,6(314,75=/68 $OG

W(6.1/,@2(1/J,5-,6(314,75=/6,.2B)5*(2(/0,-1C05) H"UO,@#!VG"&J

W(6.1/,@2(1/J,5-,)=/,0.2(,.2B)5*(2(/0,-1C05) #O&"V,@#GU"&J

!"#$%

!"#$&

!"#$'

!"#$!

!"($$

) !$ !) '$ ')
*"+,-

./0
+

,1
/0

23
45

06
,6

/+
1-

71,28,58390:28
;28"<"28"2="390:28



n Y"'4"&"(;"

n 5$%

?/'2'=" %$
%&' .&"%/'"-$%+$%"-9"9,-?"&)%"&'2:'2"'

6-'+ 𝕃

!"#$%&'()*+,-."//)*0"','* 1 23&%"45*6"/-*23734834,3*"4*+!0 9B

R)=C.13,6.--()(/C(>
Q9(,C5/*53=0.5/,-5)C(8,

=8,05,1/134T(,09(,5=0B=0,
B)5C(88(8,10,6.--()(/0,

./0()*138

Se2e =
!"

[S1 ! (A2 " S3)]
+ # S2

#
!

"
A3 " [S3 ! A2]

+
#$+

Se2e =
!" #

S1 ! D(3)
2

$+
" S2

%
! D(3)

3

&+

Priorities: *+, - . ' - . &

• Assume work-
conserving constant-
rate servers



6-'+ 𝕃 G@'8%>%&7+3+@'$3A+95"&4H

P(d(t) > T )

! E
!
e!A 1 ! Snet (t+T,t )

"

!
t#

" 1=0

E
!
e! (A 1 (" 1 ,t )" Snet (" 1 ,t +T ))

"

=
t#

" 1=0

E
!
e!A 1 (" 1 ,t )

"
E

$

e
" !

!" #
S1 " D (3)

2

$+
# S2

%
" D (3)

3

&+

(" 1 ,t +T )

%

...

!
t#

" 1=0

E
!
e!A 1 (" 1 ,t )

" t+T#

" 2=" 1

e" !c 1 á(" 2 " " 1 )e" !c 2 á(t+T " " 2 ) E
!
e!D (3)

3 (" 1 ,t +T )e!D (3)
2 (" 1 ," 2 )

"
,

!"#$%&'()*+,-."//)*0"','* 1 23&%"45*6"/-*23734834,3*"4*+!0 9A



E
!
e!D (3)

3 ( " 1 ,t + T ) e!D (3)
2 ( " 1 ," 2 )

"
! E

!
e!D (3)

3 ( " 1 ,t + T ) e!D (3)
2 ( " 1 ,t + T )

"

6-'+ 𝕃 G@'8%>%&7+3+@'$3A+95"&4L+?5&#MH

!"#$%&'()*+,-."//)*0"','* 1 23&%"45*6"/-*23734834,3*"4*+!0 99

n =%"5D'?";"456"'10$0-0$(&(-@'5$%'"I-"$%'-."'($-"4;5?



6-'+ 𝕃 G@'8%>%&7+3+@'$3A+95"&4L+?5&#MH

!"#$%&'()*+,-."//)*0"','* 1 23&%"45*6"/-*23734834,3*"4*+!0 9:

n :9981($6'-."'544(;5?9'-0'C"' 𝜎& , 𝜌& 2C08$%"%G',"'0C-5($'-."'
-(1" 2($%"#"$%"$-'C08$%

n :65($G'$0'5%%(-(0$5?'[\?%"4'#5451"-"4'-0'C"'0#-(1(R"%

P(d(t) > T ) e✓((⇢A2 (✓)+⇢A3 (✓)�min{c1,c2})·T+�A1 (✓)+2�A2 (✓)+�A3 (✓))

1� e✓(⇢A1 (✓)+⇢A2 (✓)+⇢A3 (✓)�min{c1,c2})

· 1

1� e✓(⇢A2 (✓)�c3)
· 1

1� e✓(⇢A2 (✓)+⇢A3 (✓)�c3)
· 1

1� e�✓|c1�c2|



)"<'8%?3$+N>3$"3#%5&

n 10! /0$-" 2+54?0'9(18?5-(0$9'-0'951#?"'#5451"-"4'9#5&"'B04
¨Server rates
¨Exponentially distributed packet sizes

n 7(?-"4($6'98&.'-.5-'15I'8-(?(R5-(0$'0B'𝑆% 5$%'𝑆" ∈ [0.5,1)

n +0$%8&-"%'#5451"-"4'0#-(1(R5-(0$'0B'𝜃 5$%'[\?%"4'
#5451"-"4'89($6'5'64(%'9"54&.'B0??0,"%'C@'5'%0,$.(??'
9(1#?"I'5?604(-.1'J)&(E@K

n +01#8-"'-."'(1#40;"1"$-'B5&-04'
'()*+),+ -./*+

0*+121*+1*31 -./*+

!"#$%&'()*+,-."//)*0"','* 1 23&%"45*6"/-*23734834,3*"4*+!0 9;



6-'+ 𝕃

!"#$%&'()*+,-."//)*0"','* 1 23&%"45*6"/-*23734834,3*"4*+!0 9<

!"#$%& '()*"

A=27(),5-,1/134T(6,8C(/1).58 V#G

A=27(),5-,.2B)5*(6,6(314,75=/68 $O%

W(6.1/,@2(1/J,5-,6(314,75=/6,.2B)5*(2(/0,-1C05) !"#V,@!U!"$J

W(6.1/,@2(1/ J,5-,)=/,0.2(,.2B)5*(2(/0,-1C05) %#G"!,@%V%"&J

!"#$%

!"#$&

!"'$$

( !$ !( &$ &(
)"*+,

-.
/*

+
0.

/1
23

4/
5+

5.
*0

,

60+17+4728/917
:17";"17"1<"28/917



@%1?"11%5&

n /5Q"'89"'0B'$"65-(;"'%"#"$%"$&"'($'-."'9-0&.59-(&'$"-,04Q'
&5?&8?89

n =1#40;"'%"?5@'C08$%9'($'15$@'&59"9'%"#"$%($6'0$'-."'
-0#0?06@

n )(6$(B(&5$-'(1#40;"1"$-'0B'-."'48$'-(1"G'9($&"'?"99'
#5451"-"49'$""%'-0'C"'0#-(1(R"%

n ]"98?-9'54"'C59"%'0$'5'&0$Z"&-84"'J$""%'9&"$54(0'($',.(&.'(-'
&5$'C"'#40;"%'4(604089?@K

n /04"'9&"$54(09'($',.(&.'-."'$"65-(;"'%"#"$%"$&"'&5$'C"'
"I#?0(-"%'J?546"29&5?"'"I#"4(1"$-9K

!"#$%&'()*+,-."//)*0"','* 1 23&%"456"/- 23734834,3 "4*+!0 9=

12*"3'4-.'5-+'
4-.+'*&&$"&,-"0



I'E'8'&?'1

! R91/;F,R" M'",@#UUUJ",
N()-5)21/C(,;=1)1/0((8,./,C522=/.C10.5/,/(0:5)P8",
'B)./;()F,E5/65/",

! ?./;F,X"F,Y=F,L"F,?1.F,L"F,'5/;F,Z"F,1/6,E./F,[",@#U!%J",
'B)./P3()8>,+,)1/652.T(6,*1).173( M8.T(,80).B./;,1BB)51C9,05,)(5)6()./; M-)((,3516M
7131/C(6,8:.0C9./;"
K/,N)5C",!U09,+RW,K/0()/10.5/13,5/,R5/-()(/C(,5/,(2();./;,A(0:5)P./;,
\]B().2(/08,1/6,Q(C9/535;.(8F,B1;(8,OG ^!UU",

! ?=79189.F,?",1/6,_1/S1/F,?",@!GGOJ",
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